
DEMOGRAPHYBEYONDTHEPOPULATION

Inverse estimation of integral projectionmodel
parameters using time series of population-level data

Edgar J. Gonz!alez1*, CarlosMartorell2 andBenjaminM. Bolker1,3

1Department of Mathematics and Statistics, McMaster University, 1280Main StW, L8S4L8Hamilton, Ontario, Canada;
2Departamento de Ecolog!ıa y RecursosNaturales, Facultad deCiencias, UniversidadNacional Aut!onoma deM!exico, Circuito

Exterior s/n, CiudadUniversitaria, 04510M!exicoD.F., Mexico; and 3Department of Biology,McMaster University, 1280Main

StW, L8S4L8Hamilton, Ontario, Canada

Summary

1. Integral projectionmodels (IPMs) allow us to describe quantitatively the dynamics of a population structured

by a continuous variable. They rely on information gathered at the individual level by recording survival, repro-

duction and changes in some structuring variable over time. This requires the ability to track individuals over the

course of their entire life cycle. When this is not feasible, we would like to use alternative information to infer a

population’s dynamics. Time series of population-level data are an option.

2. An inverse modelling approach allows inferring the vital rates of a population when only population-level

data, in the form of a time series of the size of a population and the distribution of its individuals along a structur-

ing variable, are available. The approach also allows incorporating estimates obtained through individual-level

data. Here, we explore how inverse modelling performs with simulated data and a relatively simple demographic

model.We explore scenarios of data availability in terms of time-series length, per-year sample size and availabil-

ity of independent vital-rate estimates.We also test model performance in a real system using a 15-year long data

set from a chamaephyte plant,Cryptantha flava.

3. We show that an inverse model can provide accurate reconstructions of the vital rates in a scenario where no

individual-level information is available. Better results can be obtained if independent estimates on any vital rate

are provided, as was the case for C. flava where high interannual variation is present. Parameter estimation

becomes more difficult with shorter time series, but per-year sample size can be greatly reduced without signifi-

cantly affecting parameter accuracy.

4. Inverse modelling of IPMs allow for the estimation of unobserved vital rates, which is important for systems

where any or all of the vital rates are hard to quantify. It also helps to determine whether a forward IPM is cap-

turing the population dynamics: if the inverse version produces incorrect reconstructions of the vital rates, the

forward IPM can be considered as inadequately describing the system.
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Introduction

Quantifying the demographic behaviour of a species is a key

element for understanding its present status and to explore

possible scenarios of conservation or management. However,

this quantification has traditionally been difficult because it

requires tracking individuals over time. This may prove unfea-

sible because of methodological or ethical reasons or because

tracking may impact an organism’s adequacy (May 2004;

Brooks, McCoy & Bolker 2013). In these cases, ecologists

require methods that allow them to infer the demographic

behaviour of a population using alternative sources of infor-

mation that are feasible to gather (Silvertown, Franco &

Menges 1996).

In a closed population, its demographic behaviour is deter-

mined by the interplay between two vital rates: the recruitment

of newborns and the survival of existing individuals. Because

individuals differ in their traits (e.g. size, sex, genetic configura-

tion, health status) or in the environment they experience (e.g.

temperature, predation intensity, disturbance), these rates dif-

fer among individuals (Moran, Hartig & Bell 2015). By

increasing variation, we say that these variables structure the

population, and thus that the vital rates are structured (Tul-

japurkar & Caswell 1997; Merow et al. 2014). When individu-

als change their traits or the environment they experience
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changes over time, new rates become relevant (e.g. individual

growth rate when the structuring variable is size). To under-

stand the effect on the vital rates of these variables, we need to

measure them at the individual level, which, as stated above,

can be difficult to do. However, knowing how vital rates differ

among individuals is essential for the development of conserva-

tion and management strategies targeted towards those indi-

viduals and vital rates that more strongly affect the overall

state of a population (Crouse, Crowder &Caswell 1987).

Integral projection models (IPMs) allow studying the

dynamics of populations structured by continuous variables

(Rees, Childs & Ellner 2014). In an IPM, data gathered by

tracking the life cycle of the individuals are used to fit a

model to each vital rate. The set of models is then assembled

into a single function, called the kernel, which fully describes

the expected changes in the population from one time step

to the next. Starting from an initial population structure,

iterating this function produces a time series of expected

population structures and sizes. Traditionally, the models

used to describe the vital rates have depended on the particu-

lar system under study as well as on the type of data avail-

able, but the general approach has been to fit some kind of

linear model (generalized, additive, mixed, etc.; but cf. Rees,

Childs & Ellner 2014) to the data on each vital rate sepa-

rately (Metcalf et al. 2013; Merow et al. 2014). Using linear

models (and their extensions) allows for a relatively small

number of parameters to mathematically describe each vital

rate, greatly reducing model complexity in contrast to projec-

tion models developed for populations structured by discrete

variables (i.e. matrix projection models; Easterling, Ellner &

Dixon 2000).

The relative simplicity of the demographic models under-

lying IPMs also allows us to consider inverse modelling sce-

narios, that is cases where only population-level data are

available in the form of a time series of population struc-

tures and sizes, and we want to infer the value of the

parameters associated with each vital rate. They also allow

us to explore scenarios where estimates on a subset of the

vital rates are available and we would like to infer estimates

for unobserved ones by combining the known parameter

estimates with population-level data.

In a general sense, solving an inverse problem involves tak-

ing the outcome of a series of processes and attempting to esti-

mate these processes. As suggested by the name, every inverse

problem relates to a forward one. In our case, the forward

problem is essentially an IPM, relating the individual-level vital

rates mechanistically to the population sizes and structures

observed over time (Fig. 1, left panel).

Versions of this inverse problem have been previously

proposed. Fournier, Hampton & Sibert (1998) used age-

structured matrix projection models to show that an

inverse approach works in the context of fisheries. Wood

(1994) applied this approach to infer birth and mortality

rates in populations where (continuous) age structures the

population. Ghosh, Gelfand & Clark (2012a) used an

IPM to reconstruct the vital rates using population struc-

tures as input to a similar problem. Gonz!alez & Mar-

torell (2013) attempted an even harder problem: to

reconstruct structured vital rates that change over time.

These studies have shown that under different assump-

tions, using inverse modelling is a viable approach to esti-

mate vital rates when only population-level data are

available.

In this article, we use inverse modelling to infer some or all

of the vital rates associated with a structured population. To

do so, we assume that population-level data are available in

the form of a time series of population sizes and structures

(Fig. 1, right panel). We use simulated data to evaluate how

well this approach works for the case where the underlying

vital rates as described by the IPM do not change through

time, but the population structure has not reached its asymp-

totic (stationary) state.We show that the length of the time ser-

Fig. 1. Comparison of forward (left) and
inverse (right) estimations of integral projec-
tionmodel parameters.
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ies is more important than per-year individual measurements

for reliably estimatingmodel parameters. Finally, we apply the

method to data on a real species, the chamaephyte plant

Cryptantha flava. Due to the high interannual variation, an

IPMwith constant-through-time vital rates did not adequately

capture the dynamics of the population. Therefore, additional

information on individual growth rate and among-year varia-

tion in survival probability was required to reconstruct the

remaining vital rates. We further discuss the implications of

inverse modelling versus the more traditional forward

approach (Fig. 1, left panel).

Materials andmethods

INTEGRAL PROJECTION MODEL

Easterling, Ellner & Dixon (2000) presented the first IPM. In their

model, a single variable, size (x), structures a closed population and the

vital rates are assumed to remain constant over time. Under these cir-

cumstances, the following equation determines how the population

structure (n) changes over time as the vital rates (s, g, f1 and f2) modify

it:

ntþ1ðyÞ ¼
Z

½sðxÞ & gðy;xÞ þ f1ðxÞ & f2ðy; xÞ' & ntðxÞdx; eqn 1

where the vital rates are s(x), the survival probability of extant x-size

individuals; g(y,x), the growth function, or, more precisely, the proba-

bility an individual has of changing from size x to y from one time unit

to the next; f1(x), the number of newborns produced by an x-size indi-

vidual each time unit, and f2(y,x), the size distribution of newborns pro-

duced by x-size individuals.

As eqn 1 shows, an IPM relates the vital rates with a time series of

population structures (n1, n2,. . .), and a time series of population sizes,

given by the integration of each population structure over the observed

size range (N1 = ∫ n1(x)dx, N2 = ∫ n2(x)dx,. . .). Data on the vital

rates has been traditionally used as input tomodel the time series. Here,

we use data on the latter as input, thus posing an inverse problem

(Fig. 1).

There are many alternative functions to describe how vital rates

interact to produce the size structure (Merow et al. 2014; examples in

this Feature). As a case study, we use an IPMwith the following struc-

ture, close to Easterling, Ellner &Dixon’s (2000) originalmodel:

sðxÞ ¼ logisticðb0 þ b1 & xþ b2 & x2Þ; eqn 2

gðy; xÞ ¼ Normalðl ¼ b3 þ b4 & x;r ¼ expðb5 & lnð10ÞÞ;

f1ðxÞ ¼ expðb6 þ b7 & xÞ;

f2ðyÞ ¼ Normalðl ¼ b8;r ¼ expðb9 & lnð10ÞÞÞ:

The vital rates are thus determined by the value of 10 parameters:

b0,. . ., b9 (see Appendix S1, Supporting information for details). The

inverse problem consists of estimating these parameters using as data a

time series of observed population sizes and structures.

Wealso explored simpler scenarioswhere estimates on somevital rate

(s) were available (i.e. where the optional part in Fig. 1 is included). In

manycases, population ecologists have estimateson just somevital rates

andwould like to infer those thataremissing.Therefore,weusedas input

to themodel theestimatesassociatedwithobservedvital ratesalongwith

the time series of population sizes and structures.We explored all possi-

ble scenarioswhereone, twoorthreevital ratesareunknown.

PARAMETER ESTIMATION

To assess whether any given set of values for the 10 parameters can

reproduce the observed time series, we substituted these in eqn 2 and

calculated the time series of population structures through the iteration

of eqn 1, and the time series of population sizes by integrating the struc-

tures (Ni = ∫ ni(x)dx). We used as initial population structure, n0(x),

the first observed size structure (see Appendix S1, Supporting informa-

tion for details).

The observed and estimated time series can then be compared

through a likelihood function. To do this, we need to assign error distri-

butions to the estimated time series. For each population structure in

the time series, we assumed that a multinomial distribution describes

the probability of observing n individuals of size x. For each point in

time i, the probabilities are the estimated population structure ni. For

each population size, we assumed that a Poisson distribution describes

the probability of observing N individuals. Again, for each time i, this

probability is the estimated population size Ni. Therefore, we had two

log-likelihood functions: one thatmeasures the goodness-of-fit between

the estimated and observed population structures, ln, and another that

measures the goodness-of-fit between the estimated and observed pop-

ulation sizes, lN. The overall fit was then given by:

l ¼ lN þ ln& eqn 3

Estimating all of the parameters simultaneously, rather than inde-

pendently for each vital rate as in the forward IPM case is a rather chal-

lenging computational problem. To find the parameter values

producing the maximum likelihood, we resorted to the sequential use

of two algorithms: DiffeRential Evolution Adaptive Metropolis

(DREAM; Vrugt et al. 2009) and Automatic Differentiation Model

Builder (ADMB; Fournier et al. 2012). We required the use of two

algorithms because, under a likelihood approach, we need to find the

mode of the likelihood surface. An optimization algorithm (in our case,

ADMB) is a good option. However, from preliminary analyses (not

shown here), we identified the existence of multiple local maxima and

regions where the surface is flat (i.e. the gradient is virtually zero). These

facts hindered the use of ADMB alone since it cannot deal with these

issues. Therefore, we needed to first identify an area, both unimodal

and positive definite everywhere (i.e. with a positive gradient) where

ADMB could be implemented. An MCMC algorithm, developed

within a Bayesian framework (DREAM), allows for the estimation of

the probability distribution of the parameters and thus to identify such

area.

The model was coded in C++ and integrated into the R environ-

ment (R Development Core Team 2015) using Rcpp (Eddelbuettel

et al. 2011). We used the dream package (Guillaume & Andrews

2012) to run the MCMC algorithm and the solution with the largest

likelihood provided by this package was then used as the starting

point to ADMB through the R2admb package (Bolker, Skaug &

Laake 2012). See Appendix S2, Supporting information for the R

code used to run the inverse model with a given set of data and

parameter intervals.

SIMULATIONS

We simulated a population subject to structured vital rates that remain

constant over time. Starting with known values for the parameter esti-
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mates (bi’s in eqn 2), we obtained their associated population dynamics

(Fig. 2a, b, d, e, dark lines). We chose these values so that the popula-

tion did not reach its stable state over 100 years (we are using ‘year’ just

as shorthand for the arbitrary time units in the model). Then, we simu-

lated a population that, starting with 10 000 individuals, followed the

dynamics given by the vital rates over 100 years (Fig. 2c). We used as

the starting population structure the one obtained after iterating eqn 1

once from a uniform distribution of sizes. The time series of population

sizes and structures produced by this population was used as data for

the inverse model (Fig. 2c, f; see Appendix S1, Supporting information

for details). To evaluate model accuracy, we calculated confidence

bands for the mean vital rates using the variance–covariance matrix

provided byADMB.

We ran all possible scenarios where one, two, three or all of the vital

rates are unknown.We did this by fixing the corresponding parameters

at the known values. We also explored the sensitivity of parameter esti-

mation to both the number of individuals measured each year (50%,

90%and 99% reduction in initial sample size), and the number of years

for which datawere gathered (50, 20, 10 and 5 years).

REAL DATA

To exemplify the inverse model with real data, we used the one

provided by Salguero-G!omez et al. (2014). This is a 15-year-long

annual survey of a population of the chamaephyte Cryptantha

flava L. in Uintah County, Utah, USA (40° 350 42&63″ N, 109°250

55&92″ W, 1790 m a.s.l.). Although the data base includes informa-

tion on an experiment of artificial manipulation of precipitation,

we only used the control plots (Fig. 3a, c, e, g, in grey).

As suggested byGhosh,Gelfand&Clark (2012a), we kept themodel

as simple as possible to avoid problems of identifiability by eliminating

the third parameter of the survival function. Thus, the model used has

the structure:

sðxÞ ¼ logisticðb0 þ b1 & xÞ; eqn 4

gðy; xÞ ¼ Normalðl ¼ b2 þ b3 & x;r ¼ expðb4 & lnð10ÞÞÞ;

f1ðxÞ ¼ expðb5 þ b6 & xÞ;

f2ðyÞ ¼ Negative binomialðh ¼ expðb7 & lnð10ÞÞ; p ¼ logisticðb8ÞÞ:

Because individual size is measured as a discrete variable (the num-

ber of rosettes in an individual), we changed the distribution of the new-

borns fromGaussian to negative binomial.

Results

The inverse procedure was able to reconstruct unobserved

vital rates using only population-level data in a simulated

scenario. When additional information on the rates was

supplied (which is known exactly in this case), better esti-

mates were obtained, especially when information on indi-

vidual variation in growth was supplied. Also, we show

that the model works with very small per-year sample

sizes, but that short time series make the model non-identi-

fiable. Finally, in the case of C. flava, the high between-
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Fig. 2. Initial and reconstructed vital rates (a, b, d, e) and simulated population-level data (c, f). The population followed constant structured vital
rates through time (black lines; a: survival, b: growth, d: fecundity, e: newborn size distribution), which produced, over a 100 years, a time series of
population sizes (c) and structures (f). The reconstructed structured vital rates when using only population-level data are in solid red (Wald confi-
dence bands in dashed). Reproductiveminimum size was set at 0.
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year variation in survival probability required the inclusion

of individual growth estimates to provide sensible recon-

structions for the remaining vital rates.

SIMULATED DATA

Using the sequential (DREAM + ADMB) optimization

approach with the simulated data, the model was able to esti-

mate the parameter values used to generate them (Fig. 2, black

vs. red lines). However, as the confidence bands show (Fig. 2;

dashed red lines), some parameters are easier to estimate than

others (Appendix S4, Supporting information). Narrow confi-

dence intervals were obtained for the parameters associated

with the distribution of newborn sizes (b8 and b9), the mean of

the distribution of adult sizes (b3 and b4), and the intercept and
linear term of the survival function (b1 and b2). Fecundity was
harder to estimate, with wide confidence intervals for the slope

parameter (b7). The same problem was applied to the quadra-

tic term in the survival function (b2). This difficulty in estima-

tion is due to a problem of parameter identifiability that stems

from the type of data we are providing to the model: aggregate

information.

SCENARIOS WITH SOME ESTIMATE ON THE VITAL RATES

Additional data on the vital rates increased or decreased

parameter accuracy depending on the parameters been

estimated (Fig. 4a; Appendix S3, Supporting information);

however, identifiability problems remained present. As

expected, the more information was provided on the vital

rates, the quicker the MCMC chains in the differential

evolution algorithm covered the likelihood surface (results

not shown here). This is also reflected in the reduced

width of the HPD confidence intervals as more informa-

tion is provided (Appendix S3, Supporting information).

However, the problem of identifiability of the quadratic

term in the survival function (b2) is evident from the dis-

tance to the true values, because this presents its highest

values when survival is estimated (Fig. 4a, all points where

s is unknown).

SCENARIOS OF REDUCED INFORMATION ON THE TIME

SERIES

Reducing the years over which the population is followed had

a larger impact on accurate parameter estimation than per-
year sample size in the scenario of no information on the vital

rates (Fig. 4b). A 100-year time series, with 100 individual

measurements at the initial time, was enough to correctly esti-

mate the vital rates. On the other hand, a 5-year time series did

not provide enough information on the vital rates to estimate

them, even when the population started having a large popula-

tion size (10 000 individuals) and the starting point of the

ADMB optimization algorithm was the vector of parameter

values from which the data were simulated. In these cases, the

model reached the upper bound on b6, making large individu-

als unrealistically fecund.

A 10-year time series pushed the limits of our approach

(Fig. 4b). When size data were available for a large population

(10 000 individuals), the model correctly reconstructed the

vital rates. As expected, as sample size reduced, distance to the

parameters used to generate the data increased, but only after

a large reduction. This is also reflected in the widening of the

confidence intervals for the parameter estimates under the dif-

ferent scenarios (Appendix S4, Supporting information).

REAL DATA

Using the approach to reconstruct the vital rates of theC. flava

population proved challenging. Using only population-level

data, the algorithm incorrectly reconstructed the shape of the

survival function, as the confidence intervals associated with

the observed survival did not include the reconstructed one (re-

sults not shown here). Under this scenario, survival of the new-

borns was overestimated and fecundity was underestimated.

As reported by Lucas, Forseth&Casper (2008), there is high

interannual variation in the population dynamics of this spe-

cies. Therefore, an IPM whose kernel remains constant

through time was a poor approximation of the system. This

suggested that random effects for interannual variation were

required. This approach was explored using ADMB-RE, the

version of ADMB that allows including random effects, but a

problem of parameter identifiability emerged (i.e. flat regions

were attained even when the algorithm starting point was the

set of parameter values estimated using the individual-level

data). Correct reconstructions of the vital rates were obtained

only after assuming known individual growth rate and interan-

nual variation on survival (Fig. 3a, c, d), with large residual

outliers obtained for the newborn size distribution (Fig. 3f).

Important to note though is that, by construction, the model

correctly estimated the population-level data (e.g. population

size: Fig. 3g).

Discussion

Integral projection models are widely applied (e.g. the exam-

ples presented in this Special Feature). However, they rely on

high-quality individual-level data that are costly both in time

and money. Here, we used population-level information,

which aggregates the individual-level data, to reconstruct the

vital rates that produced them. In both cases, an underlying

model describes the relation between the individual- and the

population-level data: an IPM. As our results show, both with

simulated and real data, reconstructing the vital rates from

summary information is a difficult endeavour and depends lar-

gely on having an IPM that correctly describes the population

dynamics.

With simulated data, the model performed well, providing

good estimates for the underlying vital rates. This is because

the underlying IPM correctly (by construction) described the

population dynamics. This demonstrates that vital rates can be

reconstructed from population-level data.

We also showed that when estimates for some vital rate(s)

are provided, parameter estimation is improved on the missing

© 2016 The Authors. Methods in Ecology and Evolution © 2016 British Ecological Society, Methods in Ecology and Evolution, 7, 147–156
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vital rates. Additionally, by changing the length of the time ser-

ies and the per-year sample size, we found that time-series

length is more important than the number of organisms mea-

sured each year for accurate parameter estimation (See &

Holmes 2015). Themethod performswell with limited per-year

sample size, an attribute probably inherited from the fact that

IPMs performwell with limited data (Ramula, Rees&Buckley

2009).

However, how much a time series changes over time is cru-

cial. In our case, a 5-year time series was too short to correctly

estimate parameters. This was probably due to the manner in

which the parameter values were selected: we chose them so

that the initial population structure would not stabilize after

100 years. Such population would experience very small

changes from 1 year to the next (Fig. 2f), and thus a 5-year

time series would not be informative enough. In such cases, the

optimization process is only minimizing sampling error, which

leads to incorrect reconstructions as no variation due to

differences in the vital rates among sizes is being provided

(Gonz!alez &Martorell 2013). Therefore, it would be expected

that when the length of the time series is short, only those pop-

ulations exhibiting large differences in the vital rates between

individuals with disparate traits will be accurately recon-

structed by the model (Doak, Gross & Morris 2005; See &

Holmes 2015).

When real data were used, an IPMwith constant underlying

vital rates constituted a poor approximation to the system.

Good estimates were only obtained when providing estimates

on between-year variation in survival and on individual

growth. This makes sense because variation in survival was the

vital rates displaying the largest between-year variation in its

estimates.

High interannual variation in the vital rates pointed

toward the inclusion of random effects (Lucas, Forseth &

Casper 2008). However, including random effects on

parameters is not directly estimated, but only through a

nonlinear model (as in our case) is a challenging task

(Wakefield 2008). ADMB-RE was considered, but its per-

formance was not adequate as flat regions were reached

irrespective of IPM structure. This suggested a problem of

non-identifiability. However, model structure could also be

the problem. Ghosh, Gelfand & Clark (2012a) suggest the

use of simple model structures and that was the reason for

our decision to keep model structure simple; certainly, a

balance between simplicity and identifiability might had

been attained using a model with a few more parameters.

From the simulated and real data, our results suggest that

for populations that do not display directional changes in the

population structure over a short time span or display highly

stochastic changes, inverse modelling will not provide good

reconstructions of the vital rates. Under those scenarios, model

parameters become non-identifiable, that is multiple combina-

tions of parameter values produce the same population-level

data, and the data do not provide enough information to tell

those combinations apart. In such cases, additional data (or

sensible estimates) on some vital rate will most likely be

needed.

AVOID ING UNREALIST IC RECONSTRUCTIONS

When no information is provided to the inverse procedure,

two possible scenarios are always lurking: given a population

structure, individuals could be all pre-existing or all newborns.

In terms of the vital rates, the first scenario would result from

near-one survival probability for certain individuals coupled

with near-zero fecundity in the entire population. This scenario

entails immortality and, therefore, makes no biological sense.

The second scenario would result from near-zero survival
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probability for pre-existing individuals and high fecundity

rates for at least some individuals. This scenario would only

make sense if the species were known (or believed) to be an

annual.

By imposing bounds (as done by Gonz!alez & Martorell

2013) or priors on the parameters (or combinations of them),

these scenarios can be avoided. However, we did not impose

informative priors in our implementation of the inverse proce-

dure, as we wanted to evaluate its ability to correctly recon-

struct the vital rates in the absence of any information.

Certainly, a Bayesian approach will be more appropriate if the

researcher possesses such information (Stuart 2010) and it will

simplify model analysis, as the maximum likelihood is no

longer relevant.

POPULATION-LEVEL MODELS

Fitting observed population structures to an IPM structure

has been seen as a way to use population-level information to

infer population-level vital rates. The idea behind this point of

view is that individual-level information gathered through the

follow-up of the life cycle of individuals in a population does

not necessarily capture the processes that occur at the popula-

tion level. To remedy this, population structures have been

seen as a better source of information from which to infer the

vital rates (Ghosh, Gelfand & Clark 2012a; Gelfand, Ghosh &

Clark 2013). We recognize that this approach converges to a

similar statistical method to the one we use to infer the vital

rates.

However, conclusions drawn from such approach state that

vital rates obtained through a population-level model do not

necessarily have to match those obtained from individual-level

data (Ghosh, Gelfand & Clark 2012b). As we discuss in the

next section, we believe that if the IPM correctly represents a

population’s dynamics, then suchmatch should occur.

INVERSE IPM AS A MODEL DIAGNOSTICS OF A FORWARD

IPM

So far, IPMs have been considered as adequately describing

population dynamics if the population sizes they project cor-

rectly match with the observed ones. This is a diagnosis of the

population-level output. However, this procedure does not

serve as a means to evaluate the mechanistic description of the

population dynamics, that is it does not evaluate the kernel

structure, only its output.

To evaluate the kernel structure of an IPM, the vital rates

reconstructed by inverse modelling using population-level

data should match those obtained through the use of indi-

vidual-level data, that is residuals should look randomly

placed around the line of zero deviation (e.g. Fig. 3b, d, f).

This is because an IPM is only a mechanistic model con-

necting the individual patterns with the population ones.

Therefore, if a mismatch exists between the vital rates

obtained using forward and inverse modelling, it should be

considered as a problem associated with the particular IPM

structure used to describe the system.

If we are to provide models that correctly describe a system

at both population and individual levels, it is important to have

models that use data from both levels. This calls for an inte-

grated approach.

TOWARDS INTEGRATED IPMS

The fact that inverse modelling performed poorly with real

data is counterbalanced by the fact that, by construction, the

inverse model matches the observed population sizes (Fig. 3g,

h). A recurrent problem with traditional MPMs and IPMs is

the lack of fit between the observed and estimated population

sizes (Williams et al. 2011; J€ak€al€aniemi, Postila & Tuomi

2013; Merow et al. 2014). Inverse modelling, coupled with its

forward version, represents an opportunity to explore models

whose estimates will fit data at both individual and population

levels.

This has already been done in the case of animal spe-

cies whose populations are structured by discrete variables;

they are known as integrated population models (Fournier

& Archibald 1982; Schaub et al. 2007; Schaub & Abadi

2011; Maunder & Punt 2013). Although Schaub & Abadi

(2011) clearly pointed towards the application of integrated

population modelling to IPMs, no such application has, to

our knowledge, been presented yet. However, the idea of

using multiple sources of information to inform the esti-

mation of vital rates is not new (Lee 1974, 1985; Wrigley

& Schofield 1981; Oeppen 1993; Raftery, Givens & Zeh

1995), and the use of multilevel information is constant in

multilevel regression (Gelman & Hill 2007). Nonetheless,

within an integrated population-modelling framework, we

consider that the scenarios we explored, where estimates

on some vital rate are provided, can be seen as a first

attempt to perform integrated IPMs.

Estimates provided by an integrated IPM are no substi-

tute to sound modelling practices. IPMs have been used

under two assumptions: (i) the model correctly describes

population dynamics and (ii) its estimates are accurately

estimated. As we discussed above, inverse modelling can

help to diagnose model structure. An integrated IPM

would address the latter; it provides better estimates

because it uses a piece of information that has not been

used to inform parameter estimation: population-level

data.

Even more, an integrated IPM, by fitting all vital rates

at once (as does our approach), allows for the inclusion

of aspects that have not been possible to capture so far

in traditional forward IPMs: correlations between vital

rates (Doak, Kareiva & Klepetka 1994). Given that in

traditional IPMs, the data associated with each vital rate

are used separately to obtain models that describe the

mean vital rate as a function of the structuring variable,

the kernel cannot be informed of such correlations. There-

fore, an integrated IPM would also allow estimating such

correlations and their change along the structuring

variable. This will further improve the explanatory power

of IPMs.
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